We investigate slowly rotating black holes in the Hořava-Lifshitz (HL) gravity. For Λ W = 0 and λ = 1, we find a slowly rotating black hole of the Kehagias-Sfetsos solution in asymptotically flat spacetimes. We discuss their thermodynamic properties by computing mass, temperature, angular momentum, and angular velocity on the horizon.
Introduction
Hořava has proposed a renormalizable theory of gravity at a Lifshitz point [1, 2] , which may be regarded as a UV complete candidate for general relativity. At short distances the theory of Hořava-Lifshitz (HL) gravity describes interacting nonrelativistic gravitons and is supposed to be power counting renormalizable in (1+3) dimensions. Recently, its black hole solutions has been intensively investigated in [4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] .
Considering spherically symmetric spacetimes, Lü-Mei-Pope (LMP) have obtained the black hole solution with dynamical parameter λ [4] and topological black holes were found in [5] . Its thermodynamics were studied in [11] , but there remain unclear issues in defining the ADM mass and entropy because their asymptotes are Lifshitz [8, 9] . On the other hand, Kehagias and Sfetsos (KS) have found the λ = 1 black hole solution in asymptotically flat spacetimes using the deformed HL gravity [10] . Its thermodynamics was discussed in Ref. [13, 23] . On later, Park has obtained a λ = 1 black hole solution with two parameter ω and Λ W [17] and the authors in [24] have found that the BTZ black strings are solutions to the HL gravity. The most general spherically symmetric solution with zero shift vector was found in the non-projectable Hořava-Lifshitz class of theories with general coupling constants for the quadratic terms [25] .
It is very curious to find a rotating black hole solution in the HL gravity. However, it seems to be a formidable task to find a fully rotating solution because equations of motion to be solved are very complicated. In this work, we wish to find a slowly rotating black hole solutions based on the KS solutions by introducing a non-zero shift vector. Here "slowly rotating" black hole means that we consider up to linear order of rotating parameter a = J/M(a ≪ 1) in the metric functions, equations of motion, and thermodynamic quantities [26, 27, 28, 29, 30, 31] . We mention that the slowly rotating Kerr black hole is recovered from the slowly rotating black hole solutions in the HL gravity, in the IR limit of ω → ∞(κ 2 → 0).
HL gravity
In this section, we review briefly the HL gravity including the soft violation term. In the ADM formalism, the four dimensional metric of general relativity is parameterized as [32] 
where the lapse, shift and 3-metric N, N i , and g ij are all functions of t and x i . In the simplest version of the theory which respects the projectability condition [1, 2] , the lapse function N is viewed as a gauge field for time re-parameterizations, and it is effectively restricted to depend only on t. A closer parallel with general relativity could be achieved if this projectability restriction is relaxed. Thus one may take a broader view of the Hořava proposal without this condition as an interesting class of theories. Then, the relative coefficients of the terms in the ADM decomposition of the EinsteinHilbert action are modified, and additional terms involving higher spatial derivatives are included too. The higher derivative terms may improve the renormalizability of the theory without the problems of ghosts that would arise if higher temporal derivatives were present.
The ADM decomposition of the Einstein-Hilbert action is given by
where G is Newton's constant and extrinsic curvature K ij is defined by
Here, a dot denotes a derivative with respect to t. The modified action of the theory including µ 4 R can be written as
,
where λ , κ , µ , and W are constant parameters to denote the HL gravity and Λ W is a negative cosmological constant. Here ω = 8(3λ − 1)µ 2 /κ 2 is a parameter to represent a soft violation term of the detailed balance condition, µ 4 R and C ij is the Cotton tensor defined by
Two cases of Λ W = 0 with λ = 1 and ω = 0 are included: the former case provides the KS solution, while the latter shows the LMP solution. For the case of ω = 0, comparing L 0 to that of general relativity plus negative cosmological constant in the ADM formalism, the speed of light, Newton's constant, and the cosmological constant emerge as [1] 
which shows asymptotically AdS spacetimes. On the other hand, for Λ W = 0 with λ = 1, we have asymptotically flat spacetimes as [10] 
Since we wish to find a non-spherically symmetric solution of black hole, it needs to derive full equations of motion from the action (4) [4] . The equations of motion were also obtained in [3] . In deriving full equations, we have relaxed both the projectability restriction and detailed balance condition since the lapse function N depends on the spatial coordinates x i as well as a soft violation term of µ 4 R is included.
Slowly rotating black hole
In this section, we find a slowly rotating black hole in asymptotically flat spacetimes. Before we proceed, we would like to mention a static solution, the KS solution with Λ W = 0 and λ = 1. In this case, equation of motion for the lapse function N can be read as
with
The variation with respect to δN i implies
The equations of motion from variation of δg ij takes the form
where all E (r) ij for r = 1, · · · , 6 are the same as in Ref. [4] except the case
A spherically symmetric solution to these equations was obtained by considering the line element
In this case, we have K ij = 0 and C ij = 0. The KS solution is given by
with ω = 16µ 2 /κ 2 and the mass parameter M. In the limit of ω → ∞ (equivalently, the IR limit of κ 2 → 0), it reduces to the Schwarzschild form of
Now let us introduce an axisymmetric metric ansatz with one component shift vector (or shift function) N φ (r) as
with the rotation parameter a = J/M. Note that even the above metric contains up to the second order of a, we will keep equations of motion up to the linear order of a in order to obtain a slowly rotating black hole solution. This is equivalent to considering the slowly rotating metric initially
For an axisymmetric metric ansatz, we cannot use the reduced Lagrangian approach which was developed in [4] to find f and N because (17) contains a non-singlet function N φ under the SO(3) action on the S 2 . Hence, we have to solve Eqs. (8), (10) , and (11), simultaneously.
Using Eq.(16), non-zero components of extrinsic curvature are found to be
where we observe that K rφ = K φr are linear order of a and its trace is zero (K = 0). Also we show that all components of Cotton tensor still vanish (C ij = 0) up to linear order of a. This may imply that if one wishes to find a fully rotating black hole, all higher order terms of a must be included. Then, Eq.(10) reduces to
which has a solution with two arbitrary constants C 1 and C 2
For later convenience, we choose the shift function to be
with C 1 = 0 and C 2 = 2M. In this case, one has non-zero g tφ and g φt components
Plugging these into Eq.(8) leads to
We note that the right-hand side is taken to be zero effectively because it is second order of a. Then, the solution is given by
A metric function f − (r) recovers the Schwarzschild black hole solution in the limit of ω → ∞. The (r, r)-component of Eq. (11) gives the same equation as in (23) . Other two components of (θ, θ) and (φ, φ) provide second order differential equations for the metric function f (r) and solving these leads to the solution up to linear order a as
which becomes the same function as in (24) when choosing C 4 = 16µ 2 and C 5 = 4M. This implies that the metric function f − (r) becomes the KS solution f KS (r) in Eq. (14) for slowly rotating black hole solution. Therefore, our slowly rotating black hole solution is given by
This is our main result. On the other hand, the Kerr black hole is given by
where
In the slowly rotating limit of J ≪ M(a ≪ 1), the Kerr solution reduces to 
This means that the slowly rotating Kerr black hole could be interpreted as arising from the breaking of spherical to axial symmetry. It is easily checked that in the limit of ω → ∞, the slowly rotating solution (26) leads to the slowly rotating Kerr solution (29) . Since we have still the KS metric function f KS (r) for slowly rotating black hole, we use the horizon mass M h and temperature T H for the KS black hole as [33, 34] 
where r + is the outer horizon as a root of f KS (r + ) = 0. Importantly, we have angular velocity defined by
which is the same form as that of the slowly rotating Kerr black hole. The angular velocity on the horizon is given by
which reduces, in the limit of ω → ∞, to the angular velocity of the slowly rotating Kerr black hole on the horizon
with M Sch = r + /2. Finally, the angular momentum of slowly rotating black hole is given by
In the limit of ω → ∞, it leads to the angular momentum of slowly rotating Kerr black hole
If one uses the mass parameter defined in (14) [13] instead of the horizon mass M h , it takes the form
Here we observe an inequality
but they become the same form in the limit of ω → ∞.
Discussions
It seems to be a formidable task to find a fully rotating black hole in the HL gravity because full equations to be solved are very complicated. In this work, we have found the slowly rotating black hole solution based on the KS solution in the HL gravity.
First of all, we explain why the slowly rotating solution is naturally obtained for the HL gravity by examining the order of rotation parameter a in equations of motion. The axisymmetric metric ansatz (16) was implemented by one component shift vector, N φ . Hence, extrinsic curvature K ij has off-diagonal components as shown in (18) . This implies that equation (8) obtained from variation of lapse function N remains unchanged when adding a rotating parameter term to the spherically symmetric case. This is confirmed by showing that K = 0 and K ij = 0 for spherically symmetric case, while for slowly rotating case, K = 0 and
. Effectively, Eq. (8) is the same equation for both two cases. A shift vector N φ could be determined by Eq.(10). We emphasize that other equations remain unchanged at linear order of a. It is clear that E
(1) ij = 0 for spherically symmetric case and E
(1) ij = O(a 2 ) for slowly rotating case, which is effectively taken to be zero. E (2) ij = 0 for both two cases. All other E (r) ij for r = 3, · · · , 6 remain unchanged, since they contain terms derived from g ij which do not carry rotation parameter a, and C ij = 0 by rotation symmetry in 3D Euclidean space.
In summary, all equations of motion remain unchanged by introducing a slowly rotating parameter a except Eq. (10), which was zero for spherically symmetric case. The slowly rotating black hole could be interpreted as arising from the breaking of spherical to axial symmetry.
Finally, we propose a general axisymmetric metric ansatz for a slowly rotating black hole
with the shift vector
Hence, for any spherically symmetric solution, we always construct a slowly rotating solution by introducing a non-zero shift function determined by Eq. (40). Considering (39), any spherically symmetric solutions may be also candidates for constructing slowly rotating black hole solutions in the HL gravity. However, it seems difficult to seek the slowly rotating black holes of the LMP black hole solutions [4] because these solutions include the λ = 1 AdS black hole with double horizons, λ = 1/2 and 9/25 Lifshitz black holes with single horizon, and λ ≥ 3 Reissner-Nordström-type black holes with double horizons [9] . As another example, we would like to mention that the KS black hole could be also the solution to modified F (R) HL gravity [35, 36, 37] . Especially, in order to find the KS black hole solution, the non-projectable modified F (R) HL action in [37] (42) could be transformed into the KS action [33] 
by adjusting the parameters α i (i = 1, · · · , 8) in L R (g ij ) of (2.55) and taking F ( 4R ) = 4R , K ij =μ = 0, and 1/κ 2 = µ 4 . In this case, we propose that our solution (26) is also the slowly rotating solution to F (R) HL gravity. It is interesting to find a spherically symmetric solution for F ( 4R ) = 4R case and its slowly rotating solution.
